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Abstract. A stabilisation of a 4-manifold X is the connected sum of X with some number

of copies of S2 × S2. If two smooth surfaces in a 4-manifold are topologically isotopic, we
investigate whether they must moreover be smoothly isotopic in some stabilisation of X. We

prove this result holds whenever the surfaces are trivial in the Z/2-homology of X. We also

produce a large class of fundamental groups of the ambient 4-manifold for which the result
holds; this class includes free products of classical knot groups and, in particular, free groups.

1. Introduction

A stabilisation of a smooth, compact, connected, orientable 4-manifold X is the effect of
taking the connected sum of X with some number of copies of S2×S2. Topological results about
4-manifolds sometimes become true smoothly, after stabilisation. In the most famous instance,
results of Wall [Wal64aWal64a,Wal64bWal64b] in the simply-connected case and Gompf [Gom84Gom84], generally,
show that homeomorphic closed, orientable, smooth 4-manifolds are stably diffeomorphic.

In some cases, a similar phenomenon is known to occur for isotopy classes of self-maps of a 4-
manifold. Given g ≥ 1 and a diffeomorphism f : X → X, one may assume after isotopy that f
fixes a 4-ball, use that to form the connected sum X#g(S2×S2), then extend f by the identity,
to get a diffeomorphism of this stabilisation of X. We call this a stabilisation of f . When X
is closed and simply-connected, Kreck [Kre79Kre79] and Quinn [Qui86Qui86] (cf. [GGH+23GGH+23]) showed that
topologically isotopic diffeomorphisms of X are stably smoothly isotopic. Results of Krannich–
Kupers [KK24KK24] and Gabai [Gab22Gab22] combine to extend this to the case of free fundamental
group, and Orson–Powell–Randal-Williams [OPRW25OPRW25] further extend this to a larger class of
fundamental groups. It remains open whether this result holds for every compact 4-manifold.

Here is a natural variant of the stabilisation question for embedded surfaces.

Question 1.1. If two smooth surfaces Σ1,Σ2 ⊆ X are topologically isotopic, are they necessarily
smoothly isotopic in some stabilisation of X?

The first named author provided a positive answer in the case that π1(X) is trivial [Gal24aGal24a,
Theorem 1.2]. Our main result gives a positive answer for some cases in which X is not simply-
connected. The question remains open, in general.

Let X be a smooth, orientable, compact 4-manifold and write π := π1(X). Suppose Σ1,Σ2 ⊆
X are smooth, compact, proper surfaces with ∂Σ1 = ∂Σ2.

Theorem A. Suppose at least one of the following holds.

(i) For every connected component Σj
1 of Σ1, and for every x ∈ H2(X;Z/2), we have

that λZ/2(x, [Σj
1]) = 0 ∈ Z/2.

(ii) The component I2 : H2(π;Z(2))→ L6(Zπ)(2) of the algebraic assembly map is zero, there
is no 2-torsion in H1(π;Z), and Wh2(π) = 0.

Then if Σ1 and Σ2 are topologically isotopic rel. boundary, they are smoothly isotopic rel. bound-
ary in some stabilisation of X.
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In Theorem AA, we are not assuming X is closed, and we are not assuming the surfaces are
orientable. Observe that in (i)(i), even if Σj

1 is closed, we can still consider it as a homology class
in H2(X, ∂X;Z/2). We write

λZ/2 : H2(X;Z/2)×H2(X, ∂X;Z/2)→ Z/2

for the Z/2-intersection pairing of X. Note that the condition in (i)(i) holds automatically if each
connected component of Σ1 is trivial in H2(X, ∂X;Z/2).

The technical hypotheses on the fundamental group in Theorem AA (ii)(ii) arise from an applica-
tion of [OPRW25OPRW25, Corollary E]. As discussed in [OPRW25OPRW25, loc. cit.], these conditions on π are
known to hold for free products of knot groups.

We record these observations in the following corollary to Theorem AA.

Corollary 1.2. Suppose at least one of the following holds.

(i) For every connected component Σj
1 of Σ1, we have that [Σj

1] = 0 ∈ H2(X, ∂X;Z/2).
(ii) The fundamental group π is a free product of classical knot groups.

Then if Σ1 and Σ2 are topologically isotopic rel. boundary, they are smoothly isotopic rel. bound-
ary in some stabilisation of X.

Remark 1.3. Cha–Kim [CK25CK25] showed that given a locally flat surface Σ ⊆ X there exists some
stabilisation of X in which Σ is topologically isotopic to a smooth surface. The Cha–Kim result
can be viewed as a stable existence statement and Theorem AA and Corollary 1.21.2 can be viewed
as stable uniqueness counterparts, where they apply.

Outline of the proof. Here is a brief summary of the strategy for the proof, which doubles as
a description of the organisation of the paper.

• In Section 22, we begin with a homeomorphism of X sending Σ1 to Σ2, that is topologically iso-
topic rel. boundary to the identity. We show, following [Gal24aGal24a], that such a homeomorphism
is always smoothable near Σ1. Again following [Gal24aGal24a], we introduce the Casson-Sullivan
obstruction to stably smoothing the homeomorphism on the exterior of Σ1. We prove a
naturality property and analyse the obstruction in our surface exterior case.
• In Section 33, we modify the given homeomorphism to a stably smoothable one, and thus
achieve a diffeomorphism sending Σ1 to Σ2 in some stabilisation of X. This is achieved by
use of the first-named author’s stable realisation of the Casson-Sullivan invariant [Gal24aGal24a].
• In Section 44 we show that this diffeomorphism can be chosen in such a way that it is topo-
logically pseudo-isotopic to the identity (Definition 2.42.4).
• In Section 55, we consider conditions under which the topological pseudo-isotopy can be re-
placed by a smooth pseudo-isotopy. For this we analyse a smoothing obstruction for topologi-
cal pseudo-isotopies introduced by Orson–Powell–Randal-Williams [OPRW25OPRW25]. The hypothe-
ses (i)(i) and (ii)(ii) of Theorem AA are used in this section.
• In Section 66, we complete the proof. Following a careful analysis involving the Wh2 group,
we are able to appeal to a result of Singh [Sin25Sin25] to obtain a diffeomorphism of X sending
Σ1 to Σ2, that by a theorem of Gabai [Gab22Gab22, Theorem 2.5] is smoothly stably isotopic
rel. boundary to the identity.

Remark 1.4. As mentioned above, the case of Theorem AA when π1(X) = {1} was first proved
in [Gal24aGal24a, Theorem 1.2]. In the further special case of π1(X\Σi) = {1} (which implies π1(X) =
1), there is an alternative proof that uses work of Gompf [Gom84Gom84], Boyer [Boy93Boy93], Saeki [Sae06Sae06],
and Quinn [Qui86Qui86] (with the correction in [GGH+23GGH+23]). We detail this proof in Appendix AA, for
the interested reader.

The existence of such an alternative proof, based on existing results, was suggested in the
introduction of [AKMR15AKMR15], where it was asserted that the combination of work of Wall [Wal64aWal64a],
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Perron [Per86Per86], and Quinn [Qui86Qui86] would show homologous 2-spheres with simply-connected
complement are topologically isotopic, and become smoothly isotopic in some stabilisation. Such
a proof was again suggested, this time for general surfaces, in the introduction of [AKM+19AKM+19].
Here it was asserted that the result would follow from Perron [Per86Per86] and Quinn [Qui86Qui86]. In
neither case were any details given. In Remark A.2A.2, we discuss that we do not believe such a
proof would work using these citations, particularly without applying the results of Boyer [Boy93Boy93]
and Saeki [Sae06Sae06]. Indeed, the argument we provide in Proposition A.1A.1 does appeal to [Boy93Boy93]
and [Sae06Sae06].

Conventions. The following conventions and notation are used throughout.

• For the remainder of the article, fix a smooth, orientable, compact 4-manifold X, and de-
note π := π1(X).
• A compact submanifold Σ ⊆ X is proper if the inclusion map ι : Σ→ X satisfies ι−1(∂X) =
∂Σ. Note this adjective is meaningful when either of ∂Σ and ∂X are empty.
• The symbol ν applied to a subset C ⊆ X of a topological space means any open neigh-
bourhood. If C ⊆ X is moreover a submanifold, we will use νC to specifically mean an
open tubular neighbourhood and νC to denote a closed tubular neighbourhood. If C = ∂X,
then νC and νC denote open and closed boundary collars, respectively.
• For the remainder of the article, fix Σ1,Σ2 ⊆ X smooth, proper surfaces with ∂Σ1 = ∂Σ2.
The surfaces are permitted to be nonorientable. For i = 1, 2, denote the surface exterior
by Xi := X \ νΣi.
• Given a space A and subspace B ⊆ A, a homotopy Ψ: A×I → A is rel. B if Ψ(x, t) = Ψ(x, 0)
for all x ∈ B and t ∈ I.
• We denote the connected sum of n copies of S2 × S2 by Wn = n(S2 × S2).

Acknowledgements. We thank the Centre de Recherche Mathématiques at the Université de
Montréal for hospitality during the 2025 thematic programme on ‘Topological and Geometric
structures in low dimensions’, during which part of this paper was written. MP was a CRM-
Simons Visiting Professor during this programme, and is grateful for the associated support.
DG thanks the Max Planck Institute for Mathematics for support. Part of this research was
also done while MP and DG were visiting the MPIM in Bonn. We warmly thank Simona Veselá
for very helpful discussions about the result in the appendix.

2. The Casson-Sullivan invariant for a homeomorphism of surface exteriors

In this section we recall the Casson-Sullivan invariant; this is the relative Kirby-Siebenmann
invariant of a homeomorphism [KS77KS77] and is an obstruction to smoothing the homeomorphism.
The terminology “Casson-Sullivan invariant” arose from the importance of this, as a triangula-
tion obstruction, to the Manifold Hauptvermutung [Cas96Cas96,Sul96Sul96]. In the context of 4-manifolds,
the invariant was investigated by the first-named author in [Gal24aGal24a]. We discuss some elemen-
tary properties and then analyse the Casson-Sullivan invariant for a homeomorphism between
surface exteriors that restricts to a diffeomorphism on the boundary.

2.1. The Casson-Sullivan invariant. We begin by recalling the general definition of the
Casson-Sullivan invariant for 4-manifolds, and recap some elementary naturality properties.

For i = 1, 2, let Mi be a smooth 4-manifold and let Ci ⊆Mi be a closed subset. Suppose

F : (M1, C1)
∼=C0−−−→ (M2, C1)

is a homeomorphism of pairs that restricts to a diffeomorphism

F |νC1
: νC1

∼=C∞−−−→ νC2
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for some open neighbourhood νC1 of C1 ⊆ M1. Let σi denote the smooth structure on Mi.
Consider M1× I and endow (M1× [0, ε))∪ (νC1× I) with the smooth structure (σ1× std[0,ε))∪
(σ1 × stdI). Endow M1 × (1− ε, 1] with the pullback smooth structure F ∗σ2 × std(1−ε,1]. As F
restricts to a diffeomorphism on νC1 these structures are compatible on the overlap; we denote
by Σ the resulting smooth manifold (M1× [0, ε)∪ (1− ε, 1])∪ (νC1× I). This smooth structure
extends to all of M1 × I if and only if the Kirby-Siebenmann obstruction

ks(M1 × I,Σ) ∈ H4(M1 × I,Σ;Z/2)

vanishes. Excision and the long exact sequence of the triple (M1 × I,Σ,Σ \ (M1 × [0, ε)) yield
isomorphisms

H3(M1, C1;Z/2) ∼= H3(Σ,Σ \ (M1 × [0, ε));Z/2)
∼=−→ H4(M1 × I,Σ;Z/2). (1)

We explain the two isomorphisms.

• For the first map, we consider the maps of pairs

(M1, C1)← (M1 × [0, ε) ∪ (C1 × I), C1 × [ε, 1])→ (Σ,Σ \ (M1 × [0, ε)).

The leftwards map is by definition projection, and is a homotopy equivalence of pairs. The
rightwards map is an inclusion of pairs, and corresponds to excising (M1 \ C1) × (1 − ε, 1].
Thus both maps induce isomorphisms on cohomology, leading to the left isomorphism in (11).

• The second map is an isomorphism because, in the long exact sequence of the triple, the other
terms are

Hk(M1 × I,Σ \ (M1 × [0, ε);Z/2) ∼= Hk(M1 × I,M1;Z/2) = 0

for k = 3, 4.

Definition 2.1. With notation as above, the Casson-Sullivan invariant of F relative to νC1 is
the element

cs(F rel. νC1) ∈ H3(M1, C1;Z/2)
mapping to ks(M1 × I,Σ) under the sequence of isomorphisms (11).

In the case that the subsets Ci ⊆ Mi are submanifolds, the neighbourhoods νCi are by
convention tubular neighbourhoods, and are thus unique. Similarly, if Ci = ∂Mi then the
neighbourhoods are unique, by uniqueness of boundary collars. So in these cases the resulting
Casson-Sullivan invariant is independent of the choice of open neighbourhoods, and thus we can
write

cs(F rel. C1) := cs(F rel. νC1) ∈ H3(M1, C1;Z/2).

Definition 2.2. When F : M1 → M2 is a homeomorphism restricting to a diffeomorphism on
the boundary, we write

cs(F ) := cs(F rel. ∂M1) ∈ H3(M1, ∂M1;Z/2),

and call this simply the Casson-Sullivan invariant of F .

We recall our notation for connected sums of S2 × S2 from the conventions in Section 11.

Definition 2.3. We denote the connected sum of n copies of S2 × S2 by Wn := n(S2 × S2).

In order to state a key property of the Casson-Sullivan invariant, we need the following
definition.

Definition 2.4. Let CAT ∈ {Diff,Top}, let M1,M2 be compact, smooth 4-manifolds, and
let F,G : M1 →M2 be CAT-isomorphisms that agree on the boundary G|∂M1

= F |∂M1
.
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(i) We say that F and G are CAT pseudo-isotopic if there is a CAT-isomorphism

Ψ: M1 × I
∼=CAT−−−−→M2 × I

with F = Ψ|M1×{0}, G = Ψ|M1×{1} and such that the restriction of Ψ to ∂M1× I is the
product isotopy Ψ(x, t) = (F (x), t).

(ii) We say that F and G are CAT stably pseudo-isotopic if there exists k ≥ 0 and there exist
stabilisations F#IdWk

and G#IdWk
that are CAT pseudo-isotopic CAT-isomorphisms.

Remark 2.5. Our conventions listed in Section 11 state that isotopies need not be rel. boundary,
and will always be explicitly specified to be so when needed. Note, in contrast, that pseudo-
isotopies are always rel. boundary, in our definition.

Here is a key property of the Casson-Sullivan invariant that we will require later; for a proof
see [Gal24aGal24a, Proposition 2.19, Proposition 2.23].

Proposition 2.6 ([FQ90FQ90, Theorem 8.6(2)]). Let F : M1 →M2 be homeomorphism of compact,
smooth 4-manifolds, that restricts to a diffeomorphism on the boundary. We have that cs(F ) = 0
if and only if F is smoothly stably pseudo-isotopic to a diffeomorphism.

We will also use the following, essentially formal, naturality statement for the Casson–Sullivan
invariant.

Lemma 2.7. Let F : (M1, C1)→ (M2, C2) be a homeomorphism of pairs, where for i = 1, 2, Mi

is a smooth 4-manifold and Ci is a closed subset. Suppose that F restricts to a diffeomorphism on
some open neighbourhoods νC1 → νC2. Let (Vi, Di) ⊆ (Mi, Ci) be an inclusion of pairs where Vi

is an open codimension zero submanifold and Di ⊆ Ci is also closed. Assume that F restricts
to a homeomorphism (V1, D1) → (V2, D2). Write νD1 ⊆ νC1 for some open neighbourhood
and νD2 for its image under F . Then under the inclusion (V1, D1) ⊆ (M1, C1) we have

H3(M1, C1)→ H3(V1, D1); cs(F rel. νC1) 7→ cs(F |V1 rel. νD1).

Proof. Given F : (M1, C1) → (M2, C2), to define the Casson-Sullivan invariant cs(F rel. νC1),
at the beginning of Section 2.12.1, we first built a smooth structure on the open submanifold

(M1 × [0, ε) ∪ (1− ε]) ∪ (νC1 × I) ⊆M1 × I.

In this proof we will denote that smooth manifold by ΣC ⊆M1 × I. Following the similar con-
struction for F |V1

: (V1, D1)→ (V2, D2), we obtain a smooth structure on the open submanifold

(V1 × [0, ε) ∪ (1− ε]) ∪ (νD1 × I) ⊆ V1 × I,

which we denote by ΣD ⊆ V1 × I. We thus have inclusions of open submanifolds

ΣD V1 × I

ΣC M1 × I

As the relative Kirby-Siebenmann invariant is natural under such maps [KS77KS77, Essay IV, The-
orem 10.1], this induces

H4(M1 × I,ΣC)→ H4(V1 × I,ΣD); ks(M1 × I,ΣC) 7→ ks(V1 × I,ΣD).

Finally, the isomorphisms described in (11) induce the corresponding isomorphisms for the
pair (V1 × I,ΣD), upon restriction, so that the following commutes

H3(V1, D1;Z/2) H3(ΣD,ΣD \ (V1 × [0, ε));Z/2) H4(V1 × I,ΣD;Z/2)

H3(M1, C1;Z/2) H3(ΣC ,ΣC \ (M1 × [0, ε));Z/2) H4(M1 × I,ΣC ;Z/2)

∼= ∼=

∼= ∼=
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Thus under the inclusion (V1, D1) ⊆ (M1, C1) we have

H3(M1, C1)→ H3(V1, D1); cs(F rel. νC1) 7→ cs(F |V1 rel. νD1),

which completes the proof. □

2.2. Casson-Sullivan for the surface exteriors. Recall that X is a fixed smooth, orientable,
compact 4-manifold and Σ1,Σ2 ⊆ X are smooth, proper surfaces with ∂Σ1 = ∂Σ2.

Definition 2.8. We say a homeomorphism of pairs

F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2)

is smooth near Σ1 if the restriction

F̂ |νΣ1
: νΣ1

∼=C∞−−−→ νΣ2

is a diffeomorphism sending Σ1 to Σ2.

Notation 2.9. Given a homeomorphism that is smooth near Σ1

F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2),

for i = 1, 2, write

F : X1 → X2, where F := F̂ |X1

(recall that Xi := X \ νΣi). Note that F |∂X1 is a diffeomorphism.

We now recall that a homeomorphism sending Σ1 to Σ2 can always be smoothed near the sur-
faces. For this we will use that the surfaces Σi ⊆ X and their closed tubular neighbourhoods νΣi

are already smooth submanifolds of X.

Lemma 2.10. Suppose we are given a homeomorphism

F̂ ′ : X
∼=C0−−−→ X

such that F̂ ′(Σ1) = (Σ2). Then F̂ ′ is topologically isotopic rel. boundary to a homeomorphism
that is smooth near Σ1

F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2),

Proof. This was proved in [Gal24aGal24a, Lemma 5.3], and we refer the reader to there for full details.

We provide a sketch for convenience. Smooth F̂ ′|Σ1
using that homeomorphisms of surfaces

are smoothable, and extend using isotopy extension. By uniqueness of tubular neighbour-
hoods [FQ90FQ90, Theorem 9.3], we can further isotope to a homeomorphism sending a smooth tubu-
lar neighbourhood of Σ1 to a smooth tubular neighbourhood of Σ2, via a D2-bundle (with SO(2)
structure group) isomorphism covering a diffeomorphism. As shown in [Gal24aGal24a, Lemma 5.3],
such a bundle isomorphism can be fibrewise isotoped so as to give a diffeomorphism between
the total spaces. □

We will need the following notation for the cornered structure of the surface exteriors.

Notation 2.11. For i = 1, 2, the exterior Xi is a manifold with corners, where

∂Xi = ∂0Xi ∪∂01Xi
∂1Xi, defined by ∂0Xi := ∂Xi ∩ ∂X,

so that ∂1Xi is the total space of the sphere bundle of the normal bundle to Σi. The total space
of the disc bundle to Σi is also a manifold with corners, where

∂νΣi = ∂0νΣi ∪∂01νΣi
∂1νΣi, defined by ∂0νΣi := ∂νΣi ∩ ∂X,
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∂01Xi ∂01Xi

Xi

νΣi

∂1Xi = ∂1νΣi

∂0Xi

∂0νΣi

Y

Figure 1. Left: a schematic for the decomposition of X as described in Nota-
tion 2.112.11. Right: the closed subspace Y used in the proof of Proposition 2.132.13.

so that ∂1νΣi = ∂1Xi and ∂01νΣi = ∂01Xi. There is then a decomposition of X into manifolds
with corners

X = Xi ∪∂1Xi νΣi, with ∂X = ∂0Xi ∪ ∂0νΣi.

This is depicted schematically in Figure 11.

We now wish to analyse the Casson-Sullivan invariant of a homeomorphism F : X1 → X2

that restricts to a diffeomorphism on the boundary.

Definition 2.12. Given a connected component Σj
i ⊆ Σi, a meridian to that component is a

simple closed curve in ∂1νΣ
j
i that is the boundary of a D2-fibre in a tubular neighbourhood

of Σj
i . Note that by uniqueness of tubular neighbourhoods, any two such curves are homologous

in H1(∂1νΣ
j
i ;Z/2).

The following technical lemma shows that the Casson-Sullivan invariant of F is governed by
the Z/2-homology classes of meridians.

Proposition 2.13. Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth

near Σ1, and that moreover F̂ is topologically isotopic rel. boundary to a diffeomorphism. Then

the class PD(cs(F )) is equal to
∑N

j=1[γj ] in H1(X1;Z/2), for {γj}Nj=1 meridians to some col-

lection of pairwise distinct connected components Σj
1 of Σ1.

Proof. Throughout this proof, Z/2-coefficients in homology and cohomology are understood.
For brevity, we write for i = 1, 2

∂i := ∂iνΣ1, ∂01 := ∂01νΣ1.

Define

Y = ∂X1 ∪ ∂(νΣ1)

and take the specific open neighbourhood

νY := ν(∂X1) ∪ ν(∂(νΣ1));

in other words, the union of an open boundary collar on ∂X1 and an open tubular neighbourhood

of ∂(νΣ1). The closed subspace Y is depicted schematically in Figure 11. As F̂ is topologically
isotopic rel. boundary to a diffeomorphism, in particular it is a diffeomorphism upon restriction

to ∂X. This, together with the hypothesis that F̂ is smooth near Σ1, implies F̂ may be assumed

to be a diffeomorphism on νY . This means there is a Casson-Sullivan invariant cs(F̂ rel. νY ) ∈
H3(X,Y ).
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We develop the following diagram, show that it commutes, and justify the claimed isomor-
phisms.

H2(Y, ∂X) H3(X,Y ) H3(X1, ∂X1)⊕H3(νΣ1, ∂νΣ1)

H2(X \ ∂X,X \ Y ) H1(X \ Y ) H1(X1 \ ∂X1)⊕H1(νΣ1 \ ∂)

H1(∂1 \ ∂01) H1(X1 \ ∂X)⊕H1(νΣ1 \ ∂0) H1(X1)⊕H1(νΣ1)

δ

PALD∼= PALD∼=

∼=

(PALD,PALD)∼=

∂

∼=α ∼=

∼=

∼=

(k∗,ℓ∗) ∼=

In the top left square, the map δ is the connecting map in the long exact sequence of the
triple (X,Y, ∂X) and the map ∂ is the connecting map in the long exact sequence of the
triple (X \∂X,X \Y, ∅). The downward maps denoted PALD are Poincaré-Alexander-Lefschetz
duality isomorphisms [Bre97Bre97, Theorem VI.8.3], given by cap product, applied with X (or X1 or
νΣ1) union an open exterior collar. The top left square commutes by [Bre97Bre97, Lemma VI.8.1];
we note that Bredon only considers the case of a pair, but the proof readily extends to the case
of a triple, as in our case.

For the lower left square, the right-most and lower maps are inclusion-induced. We postpone
the definition of the map α and the proof that the square commutes to the upcoming Lemma 2.142.14.
As the particulars are not relevant to this proof, we will proceed, assuming this map is defined
and the square commutes. For future reference, the lemma applies, using

X \ ∂X = (X1 \ ∂X) ∪ (νΣ1 \ ∂0) and X \ Y = int(X1 \ ∂X) ⊔ int(νΣ1 \ ∂0),

in the notation of that lemma.
The lower right square is all inclusion-induced and thus commutes. The inclusions are all

from deformation retracts and thus all are isomorphisms.
In the top right square the horizontal arrows are inclusion-induced, and hence the square

commutes by naturality of Poincaré-Alexander-Lefschetz duality. To see that the top arrow in
this square is an isomorphism, consider that the Mayer-Vietoris sequence for

(X,Y ) = (X1 ∪ νΣ1, ∂X1 ∪ ∂νΣ1)

yields an isomorphism

H3(X,Y )
∼=−→ H3(X1, ∂X1)⊕H3(νΣ1, ∂νΣ1),

since the other terms in the long exact sequence are

Hn(X1 ∩ νΣ1, ∂X1 ∩ ∂νΣ1) = 0

as X1 ∩ νΣ1 = ∂X1 ∩ ∂νΣ1.
Having established the diagram, we now use it to prove the lemma. The top right horizontal

isomorphism in the diagram is induced by inclusions (X1, ∂X1) ⊆ (X,Y ) and (νΣ1, ∂νΣ1) ⊆
(X,Y ). We may now apply Lemma 2.72.7 to each of these inclusions. More precisely, in order to
arrange that these are inclusions of open submanifolds, use open neighbourhoods ν(Xi) ⊆ X
and ν(νΣi) ⊆ X as the manifolds Vi in the respective applications of the lemma. We thus see

that cs(F̂ rel. νY ) ∈ H3(X,Y ) is mapped to

(cs(F ), cs(F̂ |νΣ1
)) ∈ H3(X1, ∂X1)⊕H3(νΣ1, ∂νΣ1)
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under this isomorphism. Since F̂ is smooth on νΣ1, Lemma 2.102.10, implies that cs(F̂ |νΣ1
) = 0,

so in fact the image of cs(F̂ rel. νY ) ∈ H3(X,Y ) is

(cs(F ), 0) ∈ H3(X1, ∂X1)⊕H3(νΣ1, ∂νΣ1).

The top left horizontal map in the diagram is part of the long exact sequence of the triple
(X,Y, ∂X) and we consider the subsequent map H3(X,Y ) → H3(X, ∂X) in that long exact
sequence (this map is not depicted in the diagram). Another application of Lemma 2.72.7 shows

that the element cs(F̂ rel. νY ) maps to cs(F̂ ) ∈ H3(X, ∂X) under this subsequent map. As F̂ is

topologically isotopic rel. boundary to a diffeomorphism, we have cs(F̂ ) = 0. Hence there exists

some class d ∈ H2(Y, ∂X) mapping to cs(F̂ rel. νY ) ∈ H3(X,Y ) along the top left horizontal
map.

Sending d clockwise around the boundary of the diagram to the bottom right corner gives
(PD(cs(F )), 0) ∈ H1(X1) ⊕ H1(νΣ1). Here, we have used that one definition of Poincaré-
Lefschetz duality is as the composition of the the right-most column of this diagram [Bre97Bre97,
§ VI.9]. Now consider sending d anti-clockwise around the diagram to the bottom right corner.
Define e := α ◦ PALD(d) ∈ H1(∂1 \ ∂01). By commutativity of the diagram we have that
the image of (k∗e, ℓ∗e) in H1(X1) ⊕ H1(νΣ1) is (PD(cs(F )), 0). This shows that ℓ∗e = 0, and
we claim this is enough to show that e is a sum of meridians of Σ1. Given this, it follows
that PD(cs(F )) ∈ H1(X1), which equals the image of k∗e under H1(X1 \ ∂X) → H1(X1), is a
sum of meridians. This completes the proof, modulo the claim.

It remains to prove the claim. For this consider the Leray–Serre spectral sequence for the
fibration

S1 → (∂1 \ ∂01)→ (Σ1 \ ∂Σ1).

The E2 page is
E2

p,q
∼= Hp(Σ1 \ ∂Σ1;Hq(S

1)).

For p+ q = 1 this leads to E∞
1,0
∼= H1(Σ1 \ ∂Σ1) and

E∞
0,1
∼= coker

(
d22,0 : H2(Σ1 \ ∂Σ1)→ H0(Σ1 \ ∂Σ1;H1(S

1))
)
,

where coker d22,0 is generated by meridians [γj ], j = 1, . . . , N , i.e. boundaries of D2-fibres of a
tubular neighbourhood, to a sub-collection of the connected components of Σ1 \∂Σ1. We obtain
a short exact sequence

0→ coker d22,0 → H1(∂1 \ ∂01)→ H1(Σ1 \ ∂Σ1)→ 0.

The right hand map factors as

H1(∂1 \ ∂01)→ H1(νΣ1)
∼=−→ H1(Σ1 \ ∂Σ1).

It follows that every element of the kernel of the map H1(∂1 \ ∂01) → H1(νΣ1) is a sum of

meridians
∑N

j=1[γj ], as desired. □

We now prove the lemma promised in the proof of Proposition 2.132.13.

Lemma 2.14. If M = N ∪∂ N ′ is a union of n-manifolds along their boundary ∂N = ∂N ′ then
for all r ≥ 0 there is a map α such that the following diagram commutes.

Hr(M, N̊ ⊔ N̊ ′;Z/2) Hr−1(N̊ ⊔ N̊ ′;Z/2)

Hr−1(∂N ;Z/2) Hr−1(N ;Z/2)⊕Hr−1(N
′;Z/2).

∂

α∼= ∼= ι

(k∗,ℓ∗)

(2)

Here, the bottom and right maps are inclusion-induced and ∂ is the connecting map in the long
exact sequence of the pair.
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Proof. Throughout this proof, Z/2-coefficients in homology are understood. To begin, we make
some abstract observations. For any space A, the long exact sequence of the pair (A×[−1, 1], A×
[−1, 0) ⊔ (0, 1]) has the following portion.

· · · → Hr(A× [−1, 1]) 0−→ Hr(A× [−1, 1], A× [−1, 0) ⊔ (0, 1])

∂−→ Hr−1(A× [−1, 0))⊕Hr−1(A× (0, 1])︸ ︷︷ ︸
∼=Hr−1(A×{−1})⊕Hr−1(A×{1})

(i−,i+)−−−−→ Hr−1(A× [−1, 1])→ . . .

Identifying A = A× {±1}, the image of the connecting map is the diagonal subgroup

∆ := Im(∂) = ker(i+, i−) = {(x, x) |x ∈ Hr−1(A)} ⊆ Hr−1(A)⊕Hr−1(A).

Note that we have a canonical isomorphism ∆ = Hr−1(A). In addition, (i+, i−) is surjective,
justifying the zero map displayed in our sequence. This shows that ∂ is injective. Combining
all this, ∂ determines an isomorphism to the diagonal subgroup, which we will write as

β : Hr(A× [−1, 1], A× [−1, 0) ⊔ (0, 1])
∼=−→ Hr−1(A).

We turn to the proof of the lemma. We consider diagram (33) below; its purpose is to define
the isomorphism α and to show that the topmost triangle commutes. The left vertical arrow is
the excision isomorphism, where we excise M \ (∂N × [−1, 1]) ⊆M , the complement of a closed
tubular neighbourhood of ∂N . The map (k′, ℓ′) is induced by the inclusion into each component
of push-offs of ∂N = ∂N ′ into the respective interiors. The map β was defined above, taking
A = ∂N , as was the down-and-right pointing inclusion map.

Hr(M, N̊ ⊔ N̊ ′) Hr−1(N̊ ⊔ N̊ ′)

∆ = Hr−1(∂N)

Hr(∂N × [−1, 1], ∂N × [−1, 0) ⊔ (0, 1]) Hr−1(∂N × [−1, 0) ⊔ (0, 1])

∂

α
∼=

⊆

(k′,ℓ′)

∂

∼= exc

β

∼=

(3)
The rightmost triangle commutes by definition of (k′, ℓ′). The abstract discussion above,

again with A = ∂N , implies that the lower triangle commutes. The isomorphism α is then
defined as β ◦ exc−1, making the leftmost triangle commute. The outer square of diagram (33)
commutes because it is induced by an inclusion of pairs. The commutativity of the topmost
triangle then follows from combining all of the other commutativity statements.

Now we use this to prove that diagram (22) commutes. For the clockwise route in (22) from
Hr−1(∂N) to Hr−1(N)⊕Hr−1(N

′), the topmost triangle in (33) yields

ι ◦ ∂ ◦ α−1 = ι ◦ (k′∗, ℓ′∗).
Then observe that ι ◦ (k′∗, ℓ′∗) = (k∗, ℓ∗), which is the anti-clockwise route. So diagram (22)
commutes as claimed. □

3. Killing the Casson-Sullivan invariant at the expense of stabilisation

In this section, we recall a realisation result for the Casson-Sullivan invariant derived by the
first named author using unpublished work of R. Lee. We then show how to use this to kill the
Casson-Sullivan invariant at the expense of stabilisation.

The following statement was shown in [Gal24aGal24a, Proposition 3.1], making use of unpublished
work of R. Lee to show that one stabilisation suffices; see [Gal24bGal24b].
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Proposition 3.1. There exists a homeomorphism

f : (S1 × S3)#W1

∼=C0−−−→ (S1 × S3)#W1

with cs(f) ̸= 0, inducing f∗ = IdH2((S1×S3)#W1), and such that f |ν(S1×pt) = Idν(S1×pt).

We now recall the technique from [Gal24aGal24a] for using the homeomorphism from Proposition 3.13.1
to kill the Casson-Sullivan invariant of F , at the expense of stabilising the manifold once.

Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth near Σ1. Let µ ⊆

X̊1 be an embedded loop in the interior ofX1. We consider the circle sum operation ofX1 andX2

with (S1 × S3)#W1, along µ and F (µ) respectively, to obtain

X1#µ=S1×pt

(
(S1 × S3)#W1

) ∼= X1#W1

and
X2#F (µ)=S1×pt

(
(S1 × S3)#W1

) ∼= X2#W1.

Recall that F : X1 → X2 is the restriction of F̂ to the surface exteriors. As the homeomorphism

f : (S1 × S3)#W1

∼=C0−−−→ (S1 × S3)#W1,

from Proposition 3.13.1 fixes a neighbourhood of S1 × pt pointwise, it makes sense to extend the
homeomorphism F over the circle-summed manifolds to obtain a homeomorphism

G′ := F#µ=S1×ptf : X1#W1

∼=C0−−−→ X2#W1.

Theorem 3.2. Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth

near Σ1, and that F̂ is topologically isotopic rel. boundary to a diffeomorphism. Let µ ⊆ X̊1 be
an embedded loop homologous to PD(cs(F )). Then the circle-summed homeomorphism along µ

G′ := F#µ=S1×ptf : X1#W1

∼=C0−−−→ X2#W1.

has trivial Casson-Sullivan invariant.

Proof. The result follows from a direct application of [Gal24aGal24a, Theorem 3.2]. □

Corollary 3.3. After some number k − 1 of further stabilisations, G′#IdWk−1
is topologically

pseudo-isotopic to a diffeomorphism, denoted

G : X1#Wk

∼=C∞−−−→ X2#Wk.

Proof. Combine Proposition 2.62.6 and Theorem 3.23.2. □

4. Obtaining a diffeomorphism of X#Wk sending Σ1 to Σ2 that is topologically
pseudo-isotopic to the identity

Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth near Σ1, that

is also topologically isotopic rel. boundary to the identity. The outcome of the previous section
is that, after a single stabilisation of X1 and X2, there is a way to extend F : X1 → X2, the

restriction of F̂ , across the added W1 = S2 × S2, in such a way that the resulting homeo-
morphism G′ : X1#W1 → X1#W1 has trivial Casson-Sullivan invariant. This means we may
stabilise G′ and obtain a homeomorphism topologically isotopic, rel. boundary, to a diffeomor-
phismG between the stabilised exteriors. This can then be filled back in to give a diffeomorphism

of stabilised X. In this section, we will argue that, because the original F̂ was topologically
isotopic rel. boundary to the identity, the eventual diffeomorphism of the stabilised X can be
chosen so as to be topologically pseudo-isotopic to the identity.

We will need the following lemma in this section.
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Lemma 4.1. If g, h : M
∼=C0−−−→M are two orientation-preserving homeomorphisms of a compact

4-manifold M such that g = h on M \ P̊ , where P is a compact, simply-connected codimension 0

submanifold P ⊆ M̊ , with ∂P connected, dimH1(∂P ;Q) ≤ 1, and g∗ = h∗ : H2(P ) → H2(P ),
then g is topologically isotopic rel. boundary to h.

Proof. Apply [OP25OP25, Corollary C] to conclude that g|P and h|P are topologically isotopic
rel. boundary. Extend this by the identity isotopy to the rest of M to conclude that g is
topologically isotopic rel. boundary to h. □

We describe a standard way to “fill” a homeomorphism between the surface-exteriors back
to a homeomorphism of the whole manifold.

Definition 4.2. Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth

near Σ1. Let n ≥ 0. For any homeomorphism G : X1#Wn → X2#Wn such that G = F̂ on ∂1X1,
define the extension

Ĝ := G ∪ F̂ |νΣ1
: X#Wn → X#Wn.

If G is a diffeomorphism then Ĝ is also a diffeomorphism. Note Ĝ sends Σ1 to Σ2.

Lemma 4.3. Suppose F̂ : (X, νΣ1)
∼=C0,C∞
−−−−−→ (X, νΣ2) is a homeomorphism that is smooth

near Σ1, and that F̂ is topologically isotopic rel. boundary to IdX . Then for some choice of
embedded loop µ ⊆ X̊1 homologous to PD(cs(F )), the resultant G′ from Theorem 3.23.2 and corre-
sponding

G : X1#Wk

∼=C∞−−−→ X2#Wk

from Corollary 3.33.3 are such that the diffeomorphism Ĝ : X#Wk

∼=C∞−−−→ X#Wk is topologically
pseudo-isotopic to IdX#Wk

.

Remark 4.4. It is worth recalling again that our convention is isotopies are explicitly specified
to be rel. boundary when relevant, but that all pseudo-isotopies are by definition rel. boundary,
so we do not need to specify this property each time.

Proof. By definition, F̂ , and hence also suitable stabilisations thereof, is topologically isotopic

rel. boundary to the identity. So IdX#Wk
and F̂#IdWk

are topologically isotopic rel. boundary.
We now choose µ. By Proposition 2.132.13, we may represent the homology class PD(cs(F )) by

the sum
∑N

j=1[γj ] ∈ H1(X1;Z/2), where {γj}Nj=1 is a collection of meridians to Σ. For each

j ∈ {1, . . . , N − 1}, choose a smoothly embedded path αj,j+1 ⊆ X1 from γj to γj+1. Perform
band sums using this arc collection, and push this curve slightly off ∂X1, to yield the desired µ.

Observe that the map G′ from Theorem 3.23.2 and F̂#IdW1 agree upon restriction to(
X1#W1

)
\ (ν(µ)#W1).

In particular G′ = F̂ on ∂1X1, so we may extend G′ over the tubular neighbourhood using F̂ ,

to define Ĝ′.
Now, for each j ∈ {1, . . . , N − 1}, let dj ⊆ X be a meridional disc to the connected compo-

nent Σj
1 with boundary the meridian γj . We define

V := ν
( N⋃

j=1

dj ∪
N−1⋃
j=1

αj,j+1

)
#W1.

Lemma 4.14.1 may now be applied to the maps Ĝ′ and F̂#IdW1
, with M = X#W1 and P = V

in the language of that lemma. To see this, note that since νµ ⊆ V , we have Ĝ′ = F̂#IdW1

on X \ V . Moreover, π1(V ) = {1}, ∂P ∼= S3 and (Ĝ′)∗ = Id = (F̂#IdW1
)∗ on H2(P ). Thus
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Lemma 4.14.1 implies that F̂#IdW1
and Ĝ′ are topologically isotopic rel. boundary. Thus F̂#IdWk

and Ĝ′#IdWk−1
are topologically isotopic rel. boundary.

Finally since G′#IdWk−1
and G are topologically pseudo-isotopic by Corollary 3.33.3, it follows

that after filling in we have that Ĝ′#IdWk−1
and Ĝ are topologically pseudo-isotopic.

We consider the two isotopies produced above as pseudo-isotopies, and concatenate all three

pseudo-isotopies to obtain the desired pseudo-isotopy between Ĝ and IdX#Wk
. □

In the next lemma we make use of the topological Hatcher–Wagoner obstruction ΣTop(Ψ) ∈
Wh2(π) of a topological pseudo-isotopy Ψ: X × I → X × I, developed by Nonino and the
first-named author [GN25GN25].

Lemma 4.5. Let

Ψ: (X#Wk)× I
∼=C0−−−→ (X#Wk)× I

be a pseudo-isotopy as produced by Lemma 4.34.3. Then the primary Hatcher–Wagoner obstruc-
tion ΣTop(Ψ) lies in the image of

Wh2(π1(X1))→Wh2(π).

Proof. This follows from the construction of Ψ. The first two pseudo-isotopies in the construc-
tion come from topological isotopies, so these have vanishing obstructions in Wh2(π). The final
pseudo-isotopy is obtained from a pseudo-isotopy of X1#Wk by filling in the tubular neighbour-
hoods of the Σi, and hence by naturality of ΣTop [GN25GN25, Proposition 1.3] we see that ΣTop(Ψ)
lies in the image of Wh2(π1(X1))→Wh2(π), as desired. □

5. Improving Ψ to a smooth pseudo-isotopy after further stabilisations

The next step will be to improve our topological pseudo-isotopy Ψ into a smooth pseudo-
isotopy, possibly after further stabilising X#Wk to X#Wm for some m ≥ k. Before splitting
into cases, we collect some results that will be useful during the proofs.

5.1. The smoothing obstruction for topological pseudo-isotopies. Given a smooth,
compact 4-manifold U and a topological pseudo-isotopy F : U × I → U × I that is smooth
near ∂(U × I), Orson–Powell–Randal-Williams defined an obstruction KS(F ) ∈ H2(U ;Z/2), as
follows. Let σ denote the product smooth structure on U × I. We consider U × I × I as a
topological manifold and place a smooth structure on its boundary. Endow U×I×{1} with the
pullback smooth structure F ∗σ, and then use the standard structure on the rest of ∂(U ×I×I).
Denote the resulting smooth manifold by (U×I×I)F . We then consider the Kirby-Siebenmann
obstruction to extending this smooth structure over X × I × I:

ks(U × I × I, ∂(U × I × I)F ) ∈ H4(X × I × I, ∂;Z/2).

Taking its Poincaré dual, and implicitly applying that U ≃ U × I × I, we obtain:

KS(F ) := PD
(
ks(U × I × I, ∂(U × I × I)F )

)
∈ H2(U ;Z/2).

The next proposition gives some useful properties of KS, that it is a homomorphism, it detects
the difference between smooth and topological pseudo-isotopies, and that it satisfies a gluing
formula.

Proposition 5.1. Let Q(U) denote the group of topological pseudo-isotopies F : U × I → U × I
such that F1 := F |U×{1} is smooth, up to topological pseudo-isotopy relative a smooth pseudo-
isotopy on U × I × {1} and to the identity on the rest of ∂(U × I × I). The group structure
comes from composition.

(i) The map KS is a homomorphism KS : Q(U)→ H2(U ;Z/2).
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A = M × I × I

B = N × I × I

E = C ∩D = A ∩B

C = ∂(M × I × I)

D = ∂(N × I × I)

Figure 2. A schematic for the decomposition used in the proof of Proposition 5.15.1.

(ii) We have that KS(F ) = 0 if and only if F is topologically isotopic rel. ∂(U × I) to a
smooth pseudo-isotopy.

(iii) Suppose M and N are manifolds with corners, where ∂M = ∂0M ∪ ∂1M , ∂N = ∂0N ∪
∂1N and ∂1M = ∂1N . Let U = M∪∂1M=∂1NN . Let Ψ̂ : U×I

∼=C0−−−→ U×I be a topological

pseudo-isotopy that restricts to a smooth pseudo-isotopy ΨM : M×I
∼=C∞−−−→M×I and to

a topological pseudo-isotopy ΨN : N × I
∼=C0−−−→ N × I. Then under the inclusion induced

map

(iN )∗ : H2(N ;Z/2)→ H2(U ;Z/2)

KS(ΨN ) 7→ KS(Ψ̂).

Proof. Part (i)(i) is proven in [OPRW25OPRW25, Lemma 3.2], and part (ii)(ii) is proven in [OPRW25OPRW25, Theo-
rem A]. We prove (iii)(iii). Let

A := M × I × I, B := N × I × I, C := ∂A, D := ∂B, and E := C ∩D = A ∩B.

Endow C ∪D with the standard smooth structure on (U × I ×{0})∪ ((∂M ∪ ∂N)× I × [0, 1))

and on U × I × {1} pull back the smooth structure using Ψ̂. As the restriction Ψ̂|(∂M∪∂N)×I is
a diffeomorphism, this indeed determines a smooth structure on C ∪D. Consider the diagram

H4(A,C;Z/2)⊕H4(B,D;Z/2) H4(A ∪B,C ∪D;Z/2) H4(A ∪B, ∂(A ∪B);Z/2)

H2(M ;Z/2)⊕H2(N ;Z/2) H2(U ;Z/2)

PD⊕PD∼=

∼=

PD∼=

where the top left map comes from the Mayer-Vietoris sequence

0 = H3(E,E)→ H4(A ∪B,C ∪D;Z/2)
∼=−→ H4(A,C;Z/2)⊕H4(B,D;Z/2)→ H4(E,E) = 0,

noting that E = A ∩ B = C ∩ D. The top right map is induced by inclusion. The diagram
commutes by naturality and linearity of cap products. As C andD have smooth structures, there
are Kirby-Siebenmann invariants ks(A,C) ∈ H4(A,C;Z/2) and ks(B,D) ∈ H4(B,D;Z/2). By
naturality of the Kirby-Siebenmann invariant, we have that

(ks(A,C), ks(B,D)) 7→ ks(A ∪B,C ∪D) 7→ ks(A ∪B, ∂(A ∪B))

along the top row of the diagram. The clockwise composition around the diagram thus sends

(ks(A,C), ks(B,D)) to KS(Ψ̂). The Kirby-Siebenmann invariant ks(A,C) vanishes because the

restriction of Ψ̂ to M × I is a diffeomorphism, so the standard smooth structure on M × I × I
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extends that on the boundary C. Thus the anticlockwise composition is (ks(A,C), ks(B,D)) =

(0, ks(B,D)) 7→ (0,KS(ΨN )) 7→ 0+(iN )∗KS(ΨN ). Thus (iN )∗KS(ΨN ) = KS(Ψ̂) as claimed. □

We will also need realisation results for the smoothing obstruction KS. The first one allows us
to realise all possible values, at the expense of stabilising the 4-manifold (which in the context
of this article is no problem).

Theorem 5.2. There exists m ≥ k such that for every x ∈ H2(X1#Wm;Z/2) there is a
topological pseudo-isotopy

Φ: (X1#Wm)× I
∼=C0−−−→ (X1#Wm)× I

such that Φ|⊏ = Id⊏, the restriction

Φ|(X1#Wm)×{1} : X1#Wm × {1}
∼=C∞−−−→ X1#Wm × {1}

is a diffeomorphism, and KS(Φ) = x ∈ H2(X1#Wm;Z/2).

Proof. This is an application of Orson–Powell–Randal-Williams [OPRW25OPRW25, Theorem E]. □

In Theorem 5.25.2 we obtain a topological pseudo-isotopy from the identity to some diffeo-
morphism, but we have no control on the diffeomorphism that arises on X1#Wm × {1}. In
the next result, also proven in Orson–Powell–Randal-Williams, we obtain more control on this
diffeomorphism, at the expense of requiring more assumptions.

Theorem 5.3. Let U be a compact, smooth, orientable 4-manifold with π := π1(U). Suppose
that the map I2 : H2(π;Z(2)) → L6(Zπ)(2) is zero, and there is no 2-torsion in H1(π;Z). Then

for every x ∈ H2(U ;Z/2) there is an topological pseudo-isotopy Φ: U × I
∼=C0−−−→ U × I with

KS(Φ) = x and Φ|∂(U×I) = IdU×I , i.e. Φ is an inertial pseudo-isotopy.

Proof. This follows directly from the proof of [OPRW25OPRW25, Theorem C], where it is shown that the

composition π1(H̃omeo+∂ (U)) → Q(U)
KS−−→ H2(U ;Z/2) is surjective; see the start of [OPRW25OPRW25,

Section 5]. □

Theorem 5.25.2 will be used for case (i)(i) of Theorem AA, while Theorem 5.35.3 will be needed for
case (ii)(ii).

5.2. Smoothing the topological pseudo-isotopy when the obstruction is supported
on the surface exterior. The proof of Theorem AA in case (i)(i) will make use of the following
key result.

Proposition 5.4. Let Ĝ : X
∼=C∞−−−→ X be a diffeomorphism sending Σ1 to Σ2 and write G for

the restriction of Ĝ to X1 = νΣ1. Let

Ψ: (X#Wk)× I
∼=C0−−−→ (X#Wk)× I

be a topological pseudo-isotopy from Ĝ to the identity map IdX#Wk
. Assume that KS(Ψ) ∈

Im(H2(X1;Z/2)→ H2(X;Z/2)). Then there exists m ≥ k and a diffeomorphism

L : X1#Wm

∼=C∞−−−→ X2#Wm

with L̂ : X#Wm → X#Wm smoothly pseudo-isotopic to the identity, via a smooth pseudo-
isotopy

Ξ: (X#Wm)× I
∼=C∞−−−→ (X#Wm)× I

with the property that Σ(Ξ) ∈ Im(Wh2(π1(X1))→Wh2(π)).
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Proof. Write KS(Ψ) = x ∈ H2(X;Z/2). By assumption, we may choose a lift x ∈ H2(X1;Z/2)
of x. Now apply Theorem 5.25.2 to x, to obtain, for some m ≥ k, a topological pseudo-isotopy

Φ: (X1#Wm)× I
∼=C0−−−→ (X1#Wm)× I

with KS(Φ) = x ∈ H2(X1;Z/2), that restricts on (X1#Wm)×{1} to a diffeomorphism. Extend Φ
to the whole of X using the trivial pseudo-isotopy on νΣ1 × I, to obtain

Φ̂ : (X#Wm)× I
∼=C0−−−→ (X#Wm)× I.

We therefore have that

x = i∗(x) = i∗(KS(Φ)) = KS(Φ̂),

where i : X1 → X is the inclusion, and the last equality follows from Proposition 5.15.1 (iii)(iii).

Compose Φ̂ with Ψ (stabilised by extending by the identity on Wm−k × I, but still denoted
by Ψ) to form a topological pseudo-isotopy

Ψ ◦ Φ̂ : (X#Wm)× I
∼=C∞−−−→ (X#Wm)× I.

The restriction of this to (X1#Wm) × {1} yields L := (G#IdWm−k
) ◦ Φ1 : X1#Wm

∼=C∞−−−→
X2#Wm, and the restriction to (X#Wm)× {1} yields

L̂ := (Ĝ#IdWm−k
) ◦ Φ1 : X#Wm

∼=C∞−−−→ X#Wm.

Since KS is a homomorphism Proposition 5.15.1 (i)(i), we have KS(Ψ ◦ Φ̂) = KS(Ψ) + KS(Φ̂) =

x + x = 0. Hence by Proposition 5.15.1 (ii)(ii), we have that Ψ ◦ Φ̂ is topologically isotopic rel.
boundary to a smooth pseudo-isotopy, as desired, which we denote by Ξ.

It remains to prove the statement regarding Σ(Ξ). We calculate

Σ(Ξ) = ΣTop(Ξ) = ΣTop(Ψ ◦ Φ̂) = ΣTop(Ψ) + ΣTop(Φ̂) ∈ Im(Wh2(π1(X1))→Wh2(π)),

where the first equality follows from [GN25GN25, Theorem 1.1], the second from the definition of Ξ,
and the third from the fact that ΣTop is a homomorphism [GN25GN25, Lemma 3.12]. That this
sum is an element of the noted subgroup can be deduced as follows. The first summand is by

Lemma 4.54.5 and the second summand is since Φ̂ was only supported on the exterior (X1#Wm)×I,
and since ΣTop is natural under inclusions of codimension zero submanifolds [GN25GN25, Proposition
1.3]. □

5.3. Smoothing the pseudo-isotopy assuming at least one of the hypotheses of Theo-
rem AA hold. Next we prove that in both sets of assumptions of Theorem AA, we can improve Ψ,
after further stabilising, to a smooth pseudo-isotopy, while preserving its other useful properties.
The aim is to prove the following result. The output is similar to Proposition 5.45.4, but instead
of assuming that KS(Ψ) ∈ Im(H2(X1;Z/2)→ H2(X;Z/2)), we assume one of the hypotheses of
Theorem AA.

Proposition 5.5. Suppose that for some k ≥ 0 there exists a diffeomorphism Ĝ : X#Wk

∼=C∞−−−→
X#Wk that sends Σ1 to Σ2 and that is topologically pseudo-isotopic to the identity, via a
topological pseudo-isotopy Ψ such that ΣTop(Ψ) ∈ Im(Wh2(π1(X1)) → Wh2(π)). Suppose that
at least one of the conditions (i)(i) or (ii)(ii) in Theorem AA is satisfied.

Then there exists m ≥ k and a diffeomorphism L : X1#Wm

∼=C∞−−−→ X2#Wm, which extends
to a diffeomorphism

L̂ : X#Wm

∼=C∞−−−→ X#Wm

that sends Σ1 to Σ2, and is smoothly pseudo-isotopic to the identity, via a smooth pseudo-isotopy

Ξ: (X#Wm)× I
∼=C∞−−−→ (X#Wm)× I
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such that Σ(Ξ) ∈ Im(Wh2(π1(X1))→Wh2(π)).

The proof of Proposition 5.55.5 in case (i)(i) reduces to showing that the assumption of Propo-
sition 5.45.4 can be arranged to hold, and then applying Proposition 5.45.4. The proof for case (ii)(ii)
uses Theorem 5.35.3 instead.

5.3.1. Proof of Proposition 5.55.5 in case (i)(i). In this scenario we assume that for each connected

component Σj
1 of Σ1, we have that λZ/2(x, [Σj

1]) = 0 ∈ Z/2 for all x ∈ H2(X;Z/2).
We consider the inclusion i : X1 → X. We want to show that the hypothesis of Proposi-

tion 5.45.4, that

i∗ : KS(Ψ) ∈ Im(i∗ : H2(X1;Z/2)→ H2(X;Z/2)),

is satisfied. Then Proposition 5.45.4 directly implies Proposition 5.55.5.
To show this, we first compute that

H2(X,X1;Z/2)
∼=−→ H2(νΣ1, ∂1νΣ1;Z/2) ∼= H2(νΣ1, ∂0νΣ1;Z/2) ∼= H2(Σ1, ∂Σ1;Z/2)
∼= H0(Σ1;Z/2) ∼= (Z/2)c,

where c is the number of connected components Σj
1 of Σ1. Consider the exact sequence of the

pair:

H2(X1;Z/2)
i∗−→ H2(X;Z/2)→ H2(X,X1;Z/2) ∼= (Z/2)c.

The latter group is generated by meridional discs to the connected components of Σ1. Then
coker(i∗) ⊆ (Z/2)c is generated by a collection of homology classes {Sℓ} ⊆ H2(X;Z/2) such
that for each Sℓ the Z/2-intersection pairing

λZ/2 : H2(X;Z/2)×H2(X, ∂X;Z/2)→ Z/2

satisfies that λZ/2(Sℓ, [Σ
j
1]) = 1 ∈ Z/2 for some j. If λZ/2(x, [Σj

1]) = 0 ∈ Z/2 for all x ∈
H2(X;Z/2), then there is no such collection {Sℓ}. It follows that coker(i∗) = 0, so i∗ is
surjective, and hence KS(Ψ) ∈ Im(i∗ : H2(X1;Z/2)→ H2(X;Z/2)) as desired. □

5.3.2. Proof of Proposition 5.55.5 in case (ii)(ii). For case (ii)(ii), we assume that the component

I2 : H2(π;Z(2))→ L6(Zπ)(2)

of the algebraic assembly map is zero, there is no 2-torsion in H1(π;Z), and that Wh2(π) = 0.
Under the first two of these hypotheses, by Theorem 5.35.3, there exists a topological pseudo-

isotopy from the identity to itself

Φ: (X#Wk)× I
∼=C0−−−→ (X#Wk)× I,

such that KS(Ψ) = KS(Φ). Then since KS is a homomorphism by Proposition 5.15.1 (i)(i), we have
that KS(Φ ◦ Ψ) = 0 so that Φ ◦ Ψ is topologically isotopic rel. boundary to a smooth pseudo-

isotopy Ξ from Ξ|(X#Wk)×{1} = Ψ|(X#Wk)×{1} to IdX#Wk
. Note that L̂ := Ξ|(X#Wk)×{1}

sends Σ1 to Σ2.
Also since Wh2(π) = 0, it is automatic that Σ(Ξ) ∈ Im(Wh2(π1(X1))→Wh2(π) = 0). Hence

the smooth pseudo-isotopy Ξ satisfies the conclusion of Proposition 5.55.5. □

6. Completing the proof of Theorem AA

The following results of Singh and Gabai, respectively, will be essentially used in the conclu-
sion of the proof.
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Theorem 6.1 ([Sin25Sin25, Theorem E]). Let M be a smooth, compact 4-manifold and x ∈Wh2(π1(M)).
Then there exists N ∈ N and a smooth pseudo-isotopy

Λ: (M#WN )× I → (M#WN )× I,

restricting to the identity on (M#WN )× {0} and (∂M#WN )× I, such that

Σ(Λ) = x ∈Wh2(π1(M#WN )) = Wh2(π1(M)).

Theorem 6.2 ([Gab22Gab22, Theorem 2.5]). Let f : M
∼=C∞−−−→ M be an orientation-preserving dif-

feomorphism of a smooth, compact, oriented 4-manifold M . Then f is smoothly stably isotopic
rel. boundary to IdM if and only if f is smoothly pseudo-isotopic to IdM via a smooth pseudo-
isotopy Ξ with vanishing Hatcher–Wagoner obstruction Σ(Ξ) = 0 ∈Wh2(π1(M)).

We apply the results of Singh and Gabai in the following lemma, then proceed to complete
the proof of the main theorem.

Lemma 6.3. Suppose for some m ≥ 0 that a diffeomorphism

L̂ : X#Wm

∼=C∞−−−→ X#Wm

satisfies L̂(Σ1) = Σ2. Suppose moreover that L̂ is smoothly pseudo-isotopic to the identity via a
smooth pseudo-isotopy

Ξ: (X#Wm)× I
∼=C∞−−−→ (X#Wm)× I,

such that Σ(Ξ) ∈ Im
(
i∗ : Wh2(π1(X1)) → Wh2(π)

)
. Then after some number of stabilisations

of X, the surfaces Σ1 and Σ2 are smoothly isotopic rel. boundary.

Proof. Write y := Σ(Ξ) and choose y ∈Wh2(π1(X1)) in the preimage of −y ∈Wh2(π). By The-
orem 6.16.1, there exists n ≥ m and a smooth pseudo-isotopy

Λ: (X1#Wn)× I
∼=C∞−−−→ (X1#Wn)× I,

restricting to the identity on (X1#Wn) × {0} and (∂X1#Wn) × I, with Σ(Λ) = y. Denote

by Λ̂ : (X1#Wn) × I → (X1#Wn) × I the extension of Λ over (νΣ1) × I by the identity map.
Stabilise Ξ with IdWn−m×I to obtain a stabilised smooth pseudo-isotopy, which we continue to
denote by Ξ, now as a diffeomorphism Ξ: (X#Wn)× I → (X#Wn)× I. We compute that

Σ(Ξ ◦ Λ̂) = Σ(Ξ) + Σ(Λ̂) = y − y = 0,

where the first equality uses that Σ is a homomorphism and the second is due to the equal-

ity Σ(Λ̂) = i∗(Σ(Λ)) which follows from the definition of the Hatcher–Wagoner obstruction, as Λ̂
restricts to an isotopy outside of X1#Wn (indeed, the product isotopy).

By Theorem 6.26.2, it follows that

(Ξ ◦ Λ̂)|(X#Wn)×{1} =: (Ξ ◦ Λ̂)1 = L̂ ◦ Λ̂1

is smoothly stably isotopic rel. boundary to the identity. Also note that both Λ̂1 : X1 → X1

and L̂ : X1 → X2 are obtained from filling in the surface tubular neighbourhoods, and so L̂ ◦ Λ̂1

sends Σ1 to Σ2. This completes the proof of the lemma. □

Proof of Theorem AA. Assume that Σ1 and Σ2 are topologically isotopic rel. boundary. Us-

ing Lemma 2.102.10, we may assume there exists a homeomorphism F̂ : X → X such that the

restriction F̂ |νΣ1 : νΣ1 → νΣ2 is a diffeomorphism sending Σ1 to Σ2 and such that F̂ is topo-
logically isotopic rel. boundary to the identity map IdX . By Lemma 4.34.3, there exists k ≥ 0 and
a diffeomorphism

Ĝ : X#Wk

∼=C∞−−−→ X#Wk
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that sends Σ1 to Σ2 and is topologically pseudo-isotopic to IdX#Wk
. Choosing such a topological

pseudo-isotopy Ψ, by Lemma 4.54.5, we have that ΣTop(Ψ) ∈ Im
(
i∗ : Wh2(π1(X1))→Wh2(π)

)
.

Next, by Proposition 5.55.5, assuming the hypotheses of Theorem AA, we obtain m ≥ k and a
diffeomorphism

L̂ : X#Wm

∼=C∞−−−→ X#Wm

that sends Σ1 to Σ2 and is smoothly pseudo-isotopic to IdX#Wm , via a smooth pseudo-isotopy Ξ
such that Σ(Ξ) ∈ Im

(
i∗ : Wh2(π1(X1)) → Wh2(π)

)
. These are exactly the hypotheses of

Lemma 6.36.3, and so that lemma implies that after some number of stabilisations of X, the
surfaces Σ1 and Σ2 are smoothly isotopic rel. boundary. □

Appendix A. The case of simply-connected X and simply-connected complement

The case of Theorem AA when X is simply-connected was first proved in [Gal24aGal24a, Theo-
rem 1.2]. Specialising even more, to the case when moreover the surface complements are
simply-connected, we are able to give an alternative proof based on work of Gompf [Gom84Gom84],
Boyer [Boy93Boy93], Saeki [Sae06Sae06], and Quinn [Qui86Qui86] (with the correction in [GGH+23GGH+23]).

Proposition A.1. Let X be a smooth, orientable, closed, simply-connected 4-manifold. Sup-
pose Σ1,Σ2 ⊆ X are smooth, orientable, closed surfaces, each with simply-connected comple-
ments. Suppose that Σ1 and Σ2 are topologically isotopic. Then Σ1 and Σ2 are smoothly isotopic
in some stabilisation of X.

Proof. Using Lemma 2.102.10, we may assume there exists a homeomorphism F̂ : X → X such that

the restriction F̂ |νΣ1
: νΣ1 → νΣ2 is a diffeomorphism sending Σ1 to Σ2 and such that F̂ is

topologically isotopic rel. boundary to the identity map IdX . The restriction of F̂ to the surface
exteriors is a homeomorphism, which we denote F : X1 → X2. By Gompf’s theorem [Gom84Gom84],
there exists a k ≥ 0 and a diffeomorphism G : X1#Wk → X2#Wk that agrees with F on the
boundary (Gompf’s theorem is not stated rel. boundary, but from his proof it is clear this

conclusion is available). Write Ĝ : X → X for the diffeomorphism obtained by extending G over

the tubular neighbourhoods of the surfaces, using the diffeomorphism F̂ |νΣ1
: νΣ1 → νΣ2.

In general, a homeomorphism of a compact 4-manifold (f, Id∂M ) : (M,∂M) → (M,∂M)
determines what is called in [OP25OP25, §2.2] a Poincaré variation. This is a certain homomorphism

∆f : H2(M,∂M)→ H2(M)

enjoying favourable interactions with Poincaré duality and algebraic properties; see [Sae06Sae06]
and [OP25OP25] for more details. We will only need the property that a Poincaré variation recovers
the ordinary map on absolute homology as

f∗ = (Id−∆f ◦ j) : H2(M)
∼=−→ H2(M),

where j is the map in the long exact sequence of the pair. Consider the Poincaré variation

∆F◦G−1 : H2(X2, ∂X2)→ H2(X2) (4)

induced by (F ◦ G−1, Id∂X2
) : (X2, ∂X2) → (X2, ∂X2). By [Sae06Sae06, Theorem 3.7], there ex-

ists k ≥ 0 and a diffeomorphism J : X2#Wk → X2#Wk with J |∂X2#Wk
= Id∂X2#Wk

realising
the variation (44) smoothly stably

∆J = ∆(F◦G−1)# IdWk
= ∆(F#IdWk

)◦(G−1#IdWk
).

In particular, we have that J induces the homomorphism

(F#IdWk
)∗ ◦ (G#IdWk

)−1
∗ : H2(X2#Wk)→ H2(X2#Wk).

Write Ĵ : X#Wk → X#Wk for the extension of J by the identity.



20 D. GALVIN, P. ORSON, AND M. POWELL

We now have a diffeomorphism

K̂ = Ĵ ◦ Ĝ : X#Wk

∼=C∞−−−→ X#Wk.

that agrees agrees with F̂ on restriction to νΣ1. Moreover, by construction, we have

K̂∗ = (F̂#IdWk
)∗ : H2(X#Wk)→ H2(X#Wk). (5)

Components of the argument made in Boyer [Boy93Boy93, §4] now suffice to show K̂ induces the
identity map on H2(X#Wk). We sketch the argument for the convenience of the reader. Set
E := {x ∈ H2(X#Wk) |x · [Σ1] = 0}. By [Boy93Boy93, Lemma 4.1], we have E = Im(φj) for
j = 1, 2, where φj : H2(Xj#Wk) → H2(X#Wk) is the inclusion-induced map. We reproduce
part of [Boy93Boy93, Figure 4.2], below, which is commutative diagram where the horizontal sequences
are exact. Note, Boyer is using the diagram to construct a homeomorphism of the exteriors
extending the map on the boundary, whereas we already have one, so the diagrams look a little
different, but do agree.

0 H3(X#Wk, X1#Wk) H2(X1#Wk) E 0

H3(νΣ1, ∂(X1#Wk))

H3(νΣ2, ∂(X2#Wk))

0 H3(X#Wk, X2#Wk) H2(X2#Wk) E 0

K̂∗

φ1

K̂∗ K̂∗

∼=

(F̂#IdWk
)∗

∼=
φ2

A similar diagram could be produced, using the homeomorphism F̂#IdWk
in place of K̂. Us-

ing (55), we observe the left and central columns of such a diagram would then have the same
maps as the left and central columns in our diagram. In a map of short exact sequences, the

left and central vertical maps uniquely determine the right vertical map. Hence we conclude K̂

and F̂#IdWk
induce the same map on E. But F̂ is topologically isotopic to the identity, and

hence so is F̂#IdWk
. Thus the right vertical map in the diagram above is IdE .

In the proof of [Boy93Boy93, Lemma 4.5], Boyer argues that the fact K̂∗ : H2(X#Wk)→ H2(X#Wk)
is the identity map on [Σ1] and on E is enough to conclude it is the identity map overall. Briefly,
in the case that the homology class [Σi] has nontrivial self-intersection, this follows because [Σ]
and E rationally generate H2(X#Wk). In the case of trivial self-intersection H2(X#Wk) is
integrally generated by E and an algebraic dual to [Σ1], which Boyer argues is enough for the
conclusion. We refer the reader to [Boy93Boy93, Lemma 4.5] for full details of the argument.

By Quinn’s theorem [Qui86Qui86] (with the correction in [GGH+23GGH+23]), or alternatively Theorem 6.26.2,

we thus have, possibly after further stabilisations of X#Wk, that K̂ is smoothly isotopic to the
identity. □

Remark A.2. In the introduction of [AKMR15AKMR15], it was asserted that the combination of work
Wall [Wal64aWal64a], Perron [Per86Per86] and Quinn [Qui86Qui86] would show homologous 2-spheres with simply-
connected complement are topologically isotopic, and become smoothly isotopic in some sta-
bilisation. In [AKM+19AKM+19] it was asserted that the result of Proposition A.1A.1 would follow from
Perron [Per86Per86] and Quinn [Qui86Qui86]. We believe that in fact citations to Boyer and Saeki are also
needed to make these arguments, as we explain next.

The statement that homologous surfaces with simply-connected complements in a simply-
connected 4-manifold are topologically isotopic is a result due to Boyer [Boy93Boy93, Theorem F].
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In the proof, Boyer indeed appeals to the Perron–Quinn result that homeomorphisms of closed
simply-connected 4-manifolds inducing the identity on second homology are topologically iso-
topic to the identity, however there is much work to be done before he can invoke that result.

For the statements that topological isotopy implies smooth stable isotopy, we think both
implied proofs were intended to follow the structure of the proof we gave in Proposition A.1A.1.
We suspect Wall’s theorem [Wal64aWal64a] was intended to be used at the place where we invoked
Saeki [Sae06Sae06]. Wall’s theorem is insufficient to modify a diffeomorphism of a manifold with
boundary, so this theorem cannot be applied in that way. Alternatively, one might try to apply
Wall’s theorem after the surfaces have been filled back in, but this might void the carefully
arranged condition that the diffeomorphism of the stabilised manifold sends Σ1 to Σ2. So Saeki’s
generalisation of Wall’s theorem to the case of nonempty boundary seems to be necessary.
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